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In the classical turbulence phenomenology, valid for homogeneous flows, energy is injected at large
scales, transferred downscale at a constant averaged rate ε (K41 cascade [1]) and dissipated at small
scales by viscous effects [2]. This phenomenology is based on the so-called Karman-Howarth-Monin
(KHM equation), derived directly from the Navier-Stokes equation. This theory was challenged by
Landau, who noticed that the universal self-similarity cannot hold exactly. Indeed, in the classical
energy cascade picture of turbulence, all the energy injected at large scale is gradually transferred
towards smaller scale until it reaches the Kolmogorov scale η = ν3/4ε−1/4 where it is dissipated by
viscous processes. It is then natural to identify ε with the "viscous energy dissipation", which is
subject to large fluctuations and cannot be assumed as constant. This led Kolmogorov to formulate
in 1962 a refined scaling hypothesis [3], to bridge the large-scale and small-scale behavior using the
quantity ε` characterizing viscous dissipation averaged over a ball of size `, as

ε` ∼
(δu(x, `))3

`
, (1)

resulting in Sp =< ε
p/3
` > `p/3 ∼ `ζ (p), showing that all the corrections to self-similarity are given by

the statistics of ε`. As later argued by Kraichnan [4], if a relation like Eq. (1) holds, it should be correct
only if ε` represents some well-defined local energy flux Π`, rather that space-averaged dissipation.
Since Eq. (1) is not derived from NSE, there is however some vagueness in the definition of this local
flux. I discuss here a derivation of the local flux from the NSE equation by a methodology similar to
the one used in the derivation of the Kármán-Howarth-Monin, where the homogeneity assumption is
substituted by the assumption that the velocity fields contains singularities [5]. We obtain that way a
weak formulation of KHM, converging towards KHM in a suitable limit.
We then discuss application WKHM in turbulent and convective flows, regarding for example inter-
mittency properties of the the velocity field [6], or direction of the cascades in atmospheric flows
[7].
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